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Abstract
We present a necessary condition for brane solutions to have their
origins in string field theory. For such solutions, T-duality operations
between IIA and IIB solutions should be well-defined. Nevertheless,
not all S-brane solutions have T-duality. The solutions that have T-
duality and may accordingly be regarded as low-energy solutions of
string field theory satisfy a condition in which some S-brane distribu-
tions are forbidden.
PACS: 04.50.-h, 04.65.+e, 11.25.Wx
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1 Introduction
In many brane-world models[1], our 4-dimensional spacetime is thought
to be described as a low-energy approximation of a solution of string
field theory. Unfortunately, however, since we do not understand
string field theory well, we cannot conclude that a given supergrav-
ity solution has its origin in string field theory. If it is a low-energy
solution of string theory, dimensional reduction (or oxidation) and T-
duality operations should be well-defined. Dimensional reduction and
T-duality operation rules are given for time-independent brane solu-
tions [2]. Nevertheless, the situation is rather different when we con-
sider time-dependent solutions. Although the dimensional reduction
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of spacelike brane solutions has been discussed [3][4], it is not well-
defined at all times. Furthermore, their T-duality is hardly discussed
in any papers. It is the time-dependence of the dilaton expectation
values that makes this problem so complicated. If an S-brane solu-
tion does not have T-duality, we should not regard it as a low-energy
solution of string theory.
In our previous papers[5][6][7], we constructed singular (i.e. nei-
ther general nor particular) S-brane solutions of supergravity. Further-
more, most of them possess static, flat dimensions. This is of merit,
as it enables us to define the dimensional reduction and T-duality of
time-dependent solutions. In this paper, we examine these solutions
and find that compactification of dimensions whose metric tensors de-
pend on time is ill-defined and that the time-dependence of dilaton
expectation values spoils T-duality. These observations lead us to con-
clude that singular solutions of 10-dimensional supergravity solutions
should be regarded as low-energy solutions of string field theory only
if the dilaton expectation values are independent of time. More gener-
ally, we present a necessary condition for general brane solutions which
should be satisfied if they are to be regarded as low-energy solutions
of string field theory.
The organization of this paper is as follows: our starting point is
Einstein gravity coupled to a dilaton and n-form fields in 11 dimen-
sions (M-theory) and 10 dimensions (IIA and IIB superstring theo-
ries). In section 2 we write a singular, spacelike brane solution by
following [6][7]. In section 3, the T-duality of these solutions is dis-
cussed and our conclusion derived.
2 Singular spacelike solutions
Firstly, we present singular S-brane solutions according to our previous
papers[5][6][7]. We consider Einstein gravity coupled to a dilaton field
φ and m kinds of n-form field Fn, whose action I is
I =
1
16πG
∫
dDx
√−g
[
R− 1
2
gµν∂µφ∂νφ−
m∑
A=1
1
2 · nA!e
αAφF 2nA
]
, (1)
where αA is the dilaton coupling constant given by
αA =


0 (M− theory)
−1 (NS−NS sector)
5−nA
2 (R− R sector)
and D=11 for M-theory and D=10 for superstring theories.
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We can write a set of solutions of the field equations and the
Bianchi identity. These solutions may include Sw and Sm, which are
spacelike counterparts of wave and monopole solutions, respectively.
The metric form is
ds2 = H1du
2 +H2dv
2 +
p+1∑
i=3
Hidx
idxi +
D∑
a,b=p+2
H0ηabdy
adyb, (2)
where
ηab = {diag.(+, · · · ,+,−)}, (3)
du = dx1 + 2iδmB˜ady
a,
dv = dx2 + iδw(H − 1)dx3,
with
δm(w) =
{
1 (Sm(w) is included.)
0 (Sm(w) is not included.)
,
∂aB˜b − ∂bB˜a = ηacηbdǫcdeH−2∂eH,
∂2H−1(y) ≡ ηab∂a∂bH−1(y) = 0. (4)
We use {xi; i = 1, · · · , p + 1} as the coordinates of the space where
the branes exist. General orthogonally intersecting Sp-brane solutions
have been given [8], where the metric functions and fields depend only
on yD. A D-brane solution which depends on all the extra space
coordinates has been suggested[9].
The metric functions are
H1(y) = H
δm+
∑m
A=1
δA,i
D−2 (y), (5)
H2(y) = H
−δw+
∑m
A=1
δA,i
D−2 (y), (6)
H3(y) = H
δw+
∑m
A=1
δA,i
D−2 (y), (7)
Hi(y) = H
∑m
A=1
δA,i
D−2 (y) (i = 4, · · · , p+ 1), (8)
H0(y) = H
−δm−
∑m
A=1
qA+1
D−2 (y), (9)
where
δA,i =
{
D − qA − 3 (i ∈ qA)
−(qA + 1) (i /∈ qA) . (10)
The field strength for an electrically charged Sq-brane is given by
(Fn)i1···in−1a(y) = ǫi1···in−1∂aE(y), (11)
(n = q + 2),
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while the magnetically charged case is given by
(Fn)
a1···an(y) =
1√−ge
−αφǫa1···anb∂bE(y), (12)
(n = D − q − 2),
where
E(y) = iH(y). (13)
The dilaton field is
φ(y) = H−
∑m
A=1
εAαA
2 (y), (14)
where
εA =
{
+1 (FnA is an electric field strength)
−1 (FnA is a magnetic field strength)
.
For Sw and Sm, the dilaton coupling constant αA = 0.
The intersection rule, which has been suggested for general solu-
tions in other papers [8][10][11], should be satisfied:
− εAεBαAαB − 2(q¯ + 1) + 2(qA + 1)(qB + 1)
D − 2 = 0, (15)
where q¯+1 is the number of dimensions which qA-brane and qB-brane
are crossing on. An Sw can be put in any two isometric directions,
while an Sm needs a direction with no other branes.
To discuss dimensional reduction and T-duality, we construct a
singular solution with static dimensions. To this end, we consider
solutions which depend only on the scale parameter r of the entire, or
a part of, spacetime perpendicular to the brane:
r ≡
√
−ηabyayb, −ηabyayb > 0, (16)
Note that r is a timelike coordinate. To satisfy (4),
H = rD−p−3. (17)
Then, the metric of this spacetime becomes
ds2 =
p+1∑
i=1
Hidx
idxi −H0
(
dr2 − r2dΣ2D−p−2
)
, (18)
after some coordinate transformation if Sw and/or Sm are included.
dΣD−p−2 is the line element of a (D − p − 2)-dimensional hyperbolic
space whose scale factor is unity.
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We define cosmic time (our time) t as
dt ≡ H 1/20 dr
= r
(D−p−3)[− δm
2
−
∑ qA+1
2(D−2)
]
dr, (19)
and impose a condition:
(D − p− 3)[δm
2
+
m∑
A=1
qA + 1
2(D − 2) ] = 1. (20)
In this case, since
t = ln r, (21)
H0 = r
−2. (22)
H = e(D−p−3)t, (23)
the metric (18) becomes
ds2 = −dt2 +
p+1∑
i=1
Hi(t)dx
idxi + dΣ2D−p−2 , (24)
where Hi(t)s are defined by substituting (23) for H(y) in (5)∼(9).
Note that the scale factor of the extra space is independent of t and
some His may be independent of time in this metric.
All the solutions satisfying the above condition (20) and possessing
static flat dimensions are given in [7].
3 A necessary condition for brane so-
lutions
In this section we discuss the T-duality of S-brane solutions and de-
rive a necessary condition for them to have their origins in string field
theory. We expect that the time-independent rule of dimensional re-
duction can be applied to static flat dimensions of S-brane solutions.
In fact, we can easily confirm this. Dimensional reduction is well-
defined and other dimensions behave in exactly the same way as they
did before dimensional reduction for all the static flat dimensions. For
example, let us consider a D = 11, p = 6 solution in which 3 SM2
branes are located on the 1st, 2nd and 4th, on the 1st, 3rd and 5th
and on the 2nd, 3rd and 6th dimensions. Its metric is
ds2 = −dt2 +
3∑
i=1
e2tdxidxi +
6∑
j=4
dxjdxj + e−2tdx7dx7 + dΣ23. (25)
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We can compactify the 4th, 5th and 6th dimensions. When the num-
ber of the spacetime dimensions is reduced from 11 to 8, the metric of
the 8 remaining dimensions stays as it was in 11 dimensional space-
time:
ds2 = −dt2 +
3∑
i=1
e2tdxidxi + e−2tdx7dx7 + dΣ23. (26)
If only the 4th dimension is compactified, we obtain
ds2 = −dt2 +
3∑
i=1
e2tdxidxi +
6∑
j=5
dxjdxj + e−2tdx7dx7 + dΣ23. (27)
This is a IIA supergravity solution which consists of 1 SF1 brane and
2 SD2 branes. Similarly, all the D = 11 M-theory solutions which sat-
isfiy (20) and have static dimensions become D = 10 IIA supergravity
solutions[7] by dimensional reduction. Oxidation is naturally defined
as the inverse operation of dimensional reduction. On the other hand,
if we compactify a time-dependent dimension (one of the 1st, 2nd, 3rd
and 7th dimensions), metric functions of the other dimensions change
in accordance with reduction of the dimensions. We, therefore, con-
clude that reduction of dimensions which depends on time cannot be
defined.
Using dimensional reduction, we can define T-duality between IIA
and IIB solutions. If IIA and IIB solutions are reduced to the same 9-
dimensional solution, the IIA solution is the T-dual of the IIB solution
and vice versa. Obeying these rules, we confirm that each IIA solution
that satisfies (20) and has static dimensions can find a IIB solution
as its T-dual partner. Nevertheless, some of such IIB solutions have
no T-dual partners. An example is a p = 5 IIB solution in which 2
SD1 branes are located on the 1st and 3rd and on the 2nd and 4th
dimensions, and 1 SD3 brane on the 1st, 2nd, 5th and 6th dimensions.
Its metric is
ds2 = −dt2 +
2∑
i=1
e2tdxidxi +
6∑
j=3
dxjdxj + dΣ23. (28)
If the 3rd dimension is compactified, its metric becomes
ds2 = −dt2 +
2∑
i=1
e2tdxidxi +
6∑
j=4
dxjdxj + dΣ23. (29)
No IIA solutions are, however, obtained from this D = 9 solution by
oxidation. That is, (28) has no T-dual partner.
It is the dilaton expectation values that cause this difference. The
T-duality of a solution is well-defined if its dilaton expectation value is
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independent of time. If not, T-duality does not exist for the solution.
We are convinced of this reason if we examine T-duality operations in
the Einstein frame. A formula for converting a IIB solution to IIA by
compactifying the z direction is
gAµν = (g
B
zz)
2
D−2 exp { 8
(D − 2)2φ
B}
×
[
gBµν −
gBzµg
B
zν − 4B(1)zµB(1)zν exp{− 8D−2φB}
gBzz
]
, (30)
where gA and gB are IIA and IIB metric tensors, respectively. If a
IIB metric tensor in (30) is static and φB depends on time, a IIA
metric tensor must depend on time. That is, there exists no IIA
solution that can be reduced to the same D = 9 solution that this IIB
solution is reduced to. Thus, we argue that such a IIB solution has
no T-duality. A constant dilaton expectation value in 10-dimensional
spacetime corresponds to a constant coupling in our 4-dimensional
spacetime. This condition is agreeable and sometimes imposed by
hand on phenomenological models.
Moreover, taking account of (14) and assuming that string field
theory would determine brane distribution, we conclude that super-
gravity solutions should satisfy a condition
m∑
A=1
εAαA = 0, (31)
if they have their origins in string field theory. We hypothesise that
this necessary condition also applies to general S-brane solutions, even
if no dimensions can be reduced.
We would like to thank Associate Professor JeremyWilliams, Tokyo
Dental College, for his assistance with the English of this manuscript.
References
[1] for a review, N. Ohta, Accelerating cosmologies and inflation
from M/superstring theories, Int. J. Mod. Phys. A20 (2005) 1,
[hep-th/0411230]
[2] E. Bergshoeff, C. Hull and T. Ortin Duality in the type-
II superstring effective action, Nucl. Phys. B451 (1995) 547,
[hep-th/9504081]
7
[3] S. Roy Dimensional reductions of M-theory S-branes to string
theory S-branes, Phys. Lett. B576 (2003) 199, [hep-th/0305175]
[4] N. Ohta, A study of accelerating cosmologies from superstring/M
theories, Prog. Theor. Phys. 110 (2003) 269, [hep-th/0304172]
[5] R. Mochizuki, Eternally accelerating spacelike braneworld cos-
mologies, Mod. Phys. Lett. A21 (2006) 2989, [hep-th/0606009]
[6] R. Mochizuki, Eternally inflating cosmologies from intersect-
ing spacelike branes, Mod. Phys. Lett. A23 (2008) 487, [hep-
th/0710.3619]
[7] R. Mochizuki and K. Ikegami, T-duality and dimensional reduc-
tion of S-brane solutions [hep-th/1008.5220]
[8] N. Ohta, Intersection rules for S-brane, Phys. Lett. B558 (2003)
213, [hep-th/0301095]
[9] K. Maeda and M. Tanabe, Stationary spacetime from intersecting
M-branes, Nucl. Phys. B738 (2006) 184, [hep-th/0510082]
[10] R. Argurio, F. Englert and L. Houart, Intersection rules for p-
branes, Phys. Lett. B 398 (1997) 61, [hep-th/9701042]
[11] N. Ohta, Intersection rules for non-extreme p-branes, Phys. Lett.
B403 (1997) 218, [hep-th/9702164]
8
